AFM Notes, Unit 1 - Probability Name
1-1 FPC and Permutations Date Period

The Fundamental Principle of Counting

How many different outfits could you put together using two sweaters, four pairs of pants,

ﬁ;nd two pairs of shoes?CD N M EZWQ@TX
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The Fundamental Principle of Counting says: Suppose there are =" e i ways of choosing
one item, and \\\g// ways of choosing a second item, and >’ ways of choosing a third

item, and so on. Then the total number of possible outcomes isCL D"

The probability of an event is: P(Event) = M\\\Z_\Sga CON oSN
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Ex 1) Suppose a license plate can have any three letters followed by any four digits.

a) How many different license plates are possible?
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b) How many license plates are possible that have no repeated letters or digits?
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c) What is the probability that a randomly selected license plate has no repeated
letters or digits 20
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Permutations

Ex. 2) I have five books I want to arrange (in a particular order) on a shelf.
a) How many different ways can I ar‘r‘ange them?

\5l- [l 121k

LA oF oo \O oS

b) What if I only want to arrange 3 of my 5 books on a shelf? How many ways can I do this?

D A~

Whenever you want to know how many ways Ther‘e are of QL N sa®\ e @:(ﬁ‘" )some
number of items, that's called ahm AN

With Per'mqtaﬂons
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Ex 3: Seven flute players are performing in an ensemble.

a) The names of all seven players are listed in the program in random order. How many
different ways could the players' names be listed (i.e., arranged) in the program?

\\:_1 o )-8

OUA( Q“b
b)LFIow many d%‘eren‘r ways could the players' names be listed in alphabe‘rlcal order by last

name .: /\\ ,
b N \w

c) If the players' names are listed in the program in random order, what is the probability
that the names happen to be in alphabeTicaI order?

Modore: (==, 5 O 0008

d) After the performance, the players are backstage. There is a bench with only room for
four to sit. How many possible arrangements are there for four of the seven players to sit

oh the benihi?: -
6]-151-14] =810 «




AFM Notes, Unit 1 - Probability Name.
1-2 Combinations Date Period

Permutations vs. Combinations (Electing Officers vs. Forming a Committee)

Ex. 1) We want to elect three officers from our club of 25 people. The first person elected
will be the President, the second person elected will be the Vice President, and the third
person elected will be the Treasurer. How many different "arrangements” of officers can
we have?

Ex. 2) We want to form a 3-person committee (i.e., no officers) from our club of 25 people.
How many committees can we form?

When you're counting how many ways there are to some number of items,
: that's a
When you're counting how many ways there are to simply some number of items,
does : that's a

Ex. 3) The Debate Club wants to elect four officers (Pres, VP, Sec, and Treas), from its
membership of 30 people. How many different ways could the Debate Club elect its officers?

Ex. 4) The Debate Club wants to create a 4-person committee (i.e., no officers) from its
membership of 30 people. How many different committees are possible?
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Combinations with Restrictions

Ex. 5) The Young Republicans Club consists of 7 seniors, 9 juniors, and 5 sophomores. They
want to form a Planning Committee (i.e., without officers) to plan their spring social. The
Planning Committee will consist of 4 members.

a) How many different 4-member committees are possible?

b) How many committees are possible that consist of all sophomores?

c) How many different committees could be formed if the club’s president must be one of
the members?

d) How many different committees could be formed if the committee must contain exactly
two seniors and two juniors?
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1-3 Factorial Notation Date Period

Ex. 1) I have eight books I want to arrange on a shelf.
a) How many different ways can I arrange the eight books?

1) Using the permutations operation on the calculator  P5 = 40,2320
2) Using the Fundamental Principle of Counting %7 5 - 4 321 = 40,520

A third way to express this answer is by using Loctoria \ notation:
g\ - e Telbe 5ede 3241 = 4013{;\70

b) What if T only want to arrange 3 of my 8 books on a shelf? How many ways can I do this?
Again, we've already discussed two ways to calculate the answer to this problem,

1) Using the permutations operation on the calculator gp3 > S
2) Using the Fundamental Principle of Counting §-7-@ =330

We can also express this answer by using factorial notation

g f7. 64 B —33(6 gl dl =8l
I ehk{fgf\ (8-3)\ 5T =36

This last expression is actually the formula for a permutation. If we want to calculate the
number of permutations of ) objects taken _¥" _at a time, we would write:

N1
Y\PY“ = (YW"O :

Ex. 2) Calculate the expression 120!/116!

a0-1ta: Ngwd Mo BB QT 149, 0

\th V1B~ 11 -1
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Ex. 3) Calculate the expression 76!/73!

OCAL T S B P

Ex. 4) Calculate the expression n!/(n-3)!

A=V n-a)(n+3 :
T (n3) (n=4)(N+S)
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Ex. B) Calculate the expression nPy.3
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AFM Notes, Unit 1 - Probability Name
1-4 Introduction to Probability Date Period

Probability theory was initially developed in 1654 in a series of letters between two French
mathematicians, Blaise Pascal and Pierre de Fermat, as a means of determining the fairness of
games. It is still used today to make sure that casino customers lose more money than they win,
and in many other areas, including setting insurance rates.

At the heart of probability theory is OGO 0t . Rolling a die, flipping a coin, drawing
a card and spinning a game board spinner are all examples of .
In a random process no individual event is predictable, even though the long range pattern of
many individual events often is predictable.

Types of Probability

Experimental -
Theoretical -

Calculating Probabilities

When calculating the probability of something happening, the "something” is calledan coie v,
and the probability of the event happening is written _ X

Ex. 1a) The probability of rolling a 3 on a die would be written
Ex. 1b) The probability of winning the lottery would be written _

Probabilities are always expressed as _0. Cvace 0 € o LEDL L . The probability
of an event that is certain to happen is . while the probability of an impossible event is £ .

To calculate a probability, you count the==
and divide this number by the total

Probability of an event: P(E) =



Notes 1-4 Introduction to Probability

Example of Theoretical Probability
Ex. 2) A bag contains 4 blue marbles, 6 green marbles and 3 yellow marbles. A marble is drawn
at random from the bag.

a) What's the probability of drawing a green marble?

s \A

b) What's the probability of drawing a yellow marble?
c) What's the probability of drawing a green OR yellow marble?

Example of Experimental Probability :
Ex. 3) Suppose a study of car accidents and drivers who use mobile phones produced the
following data:

Had a car Did not have a | Totals
accident car accident
in the last year |in the last year
Driver using mobile phone 45 280 325
Driver not using mobile 2b 405 430
phone
| Totals 70 685 755

This type of table is called a

The total number of people in the sampleis 55 . The row totals are _5 and ">
The column totals are and . Notice that 325 + 430 =" ,and 70 + 685 =1 2 °

—_—

Calculate the following probabilities using the table above:

a) P(a driver is a mobile phone user) =
b) P(a driver had no accident in the last year) =

¢) P(a driver using a mobile phone had no accident in the last year) =



AFM Notes, Unit 1 Probability Name
1-5 More Probability Date Period

A compound probability is a probability involving two  dr more events, for
example, the probability of Event A_AND Event B happening.

Example 1: Coin Flip

What's the probability of flipping a coin twice and having it come up heads both times?
# o wo S an "Event '/c_an bo..,pp%

Total ¥ of possible cuvFconed

P(1*" flip comes up heads AND 2™ flip comes up heads)

~\,~_L_ __L: D &
By e o ¥ A57¢

P(Comes up heads) =

The Multiplication Rule

When calculating the probability of two events, Event A and Event B, if the events are
, then the probability of both events happening is PR * P(B)

Compound Probability and Replacement

Example 2: Marbles

A bag contains 4 blue marbles, 6 green marbles and 3 yellow marbles. If two marbles are drawn
at random from the bag, what's the probability of:

a) First drawing a green marble, and then drawing a yellow marble?

With replacement Without replacement
P (Green AND ‘dt\\ow\ o P(Green AND Yellow)
b .5 ¢ s =4 B = i
13 \m il 12l T 150
S
©-71 -0 115 = .57
b) Drawing two blue marbles?
With replacement Without replacement B
PlBle Am Blue) P(Blue. AND BULE)
L _ﬂ»_ S=L - NoTT
S s G LT ERE
3 (too\
’3 (}"770

g .57



Notes 1-5 More Probability

Geometric Probability - a probability that is found by calculating a __reetio of
\&.V\S)rln S _or_ 04O of a geometric figure.
vy Fobwagsan Gant “can happen _ Grenthres
Totenl ¥ of possibl € ouden nw Tote) Areo

Example 3: Geometric Probability of Rectangles
a) What is the probability that a point chosen at random in the rectangle will also be in the square.

EV‘Q*\"' Aree

cvenT

Total Ao

= Area© A{Z'M
Areoy 0F Pecteugle

= 0188 21§37

'P ('00"“4’\”"‘ S‘?\M}'\‘) =

g 5
4XV\‘\\\K 3 A;é’h/ 48
(b) What is the probability that a point chosen at random in the rectangle will be in the shaded area?

P (psint in Shoded r%ﬁ(m\ - Erent Area  pres of Redonale = A res. o Saueae

Total Arees Argoot Pec e
U1 -39 . 3 _ _
T ol lTe =.§513 =§1.5%

Example 4: Geometric Probability of Circles
The radius of the inner circle is 6¢m, and the radius of the outer circle is 16cm. Find the probability
that a point selected at random in the outer circle will be in the

(f(;. i 4?2 fod. 2 HE
a) inner circle 2
= .091 - v 3. 097
Plin r\ar‘\c.ird@ = 113.011 -0y AT ¥ ;
et . 248 ~0 |

|tk \ o

(b) shaded area

Yer circ\e) = Arto of owi e
Plowt e circ\e) e Eheht

> ol N8 OT)

8 OL*.{,U-RS

T s = 057 597
sortaH 8




Notes 1-5 More Probability

Mutually Exclusive Events

When you roll a die, an event such as rolling a 1 is called a SIIW\{D( €. W’f
because it consists of only one event.

An event that consists of two or more simple events is called a __(Ompou bgj

orxcent . Such as the event of rolling an odd number or a number greater than 5.

_m.um&&;'?— exclusiyL VT AL is when two evens cannot occur
at the same Yime. Like the probability of drawing a 2 or an ace is found by adding their

individual probabilities.

If two events, A and B, are mutually exclusive, then the probability of A or B occurs is the sum
of their probabilities.

P(A or B) = P(A) + P(B)

Example 5: Two Mutually Exclusive Events
Keisha ha a stack of 8 baseball cards, b basketball cards, and 6 soccer cards. If she selects a
card at random from a stack, what is the probability that it is a baseball or a soccer card?

D (osloal ov Seccer ) = P(baselo~l\l ) + P( § necer)

:§/+lo :_,i
a " \a (4

Tae probedsi |1ty Thod  fredshe SoeG pastoalh or Soccer
Covdd 15 <doowk 147,

Example 6: Three Mutually Exclusive Events

There are 7 girls and 6 boys on the junior class homecoming committee. A subcommittee of 4
people is being chosen at random to decide the theme for the class float. What is the
probability that the subcommittee will have a least 2 girls?

CaYCles) + c(3)-cle)) o ol elu0)
ey, ) e (13, 4) —03,4)

2 3> = Eﬂ: %
e L e



Notes 1-5 More Probability

Inclusive Events

Since it is possible to draw a card that is both queen and a diamond, these events are not
mutually exclusive, they are _1in clusive, vents

If two events, A and B, are inclusive, then the probability that A or N occurs is the sum of their
probabilities decreased by the probability of both occurring.

P(A or B) = P(A) + P(B) - P(A and B)

Example 7: Education

The enrollment at Southburg High school is 1400. Suppose 550 students take French, 700 take
algebra, and 400 take both French and algebra. What is the probability that a student selected
at random takes French or algebra?

550 4708, - 400 1]
oo | 400 o ag T0\P

Conditional Probability

The probability of an event under the condition that some preceding even has occurred is called

C o nolitionad vaboubr\ \;*'31 . The conditional probability that event A
occurs 5&‘ VN that event B occurs can be represented by PRlB)

The conditional probability of event A, given event B, is defined as

Example 8: Medicine
Refer to the application below. What is the probability that a test subject's hair grew, given
that he used the experimental drug?

Number of Subjects
Using Drug Using Placebo
Hair Growth 1600 1200
No Hair Growth 800 Y00
00O
I ol (1S A
A 00 2460 3




AFM Notes, Unit 1 Probability Name
1-6 Probability Distribution Date Period

pfb bob, |: § b Pistripudd on can be a table, graph, or equation that
links each possible ___ OUAC O VN0 of an event with its probability of occurring.

- The probability of each outcome must be between _ O and __|
- The sum of all the probabilities must equal __| .

Making a Probability Distribution

Example 1: Bakery

A bakery is trying a new recipe for the fudge deluxe cake. Customers were asked to rate the
flavor of the cake on a scale of 1 to 5, with 1 being not tasty, 3 being okay, and 5 being

delicious. Use the frequency distribution show to construct and graph a probability distribution.

Step 1: Find the proabability of each score.

Score, X Frequency P(x)
1 1 ‘oo =.02
2 8 €l sl
3 20 30lg = .40
4 16 /sy =.32
5 5 56 =.\0
50

Step 2: Graph the score versus the probability.



Amy Moore
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Notes 1-6 Probability Distributions

Example 2: Car Sales

A car salesperson tracked the number of cars she sold each day during a 30-day period. Use the
frequency distribution of the results to construct and graph a probability didstribution for the
random variable x, rounding each proability to the nearest hundreth.

Cars Sold, x Frequency P(x)
0 20 30 = O.loleT]
! 7 120 =0.233
2 2 230 =0.067
3 1 \/3,\ = 60635

EV=P X, + Py Xa*PsXsiPiy

N e
E\f?‘ic = (LU 750 (. 233+ 1)1’60(.7;\‘07)
AL (0.033%3)
= D+.333+. 6335+.0%17
= Hbb
Expected Value
In a random experiment, the values of the n outcomes are X, )(Q g Xgyooe x> n
and the corresponding probabilities of the outcomes occurring are
D W 0’_1 (1 0’2 i ya e Oﬁ
BRI T 3 R v
The expected value (EV) of the experiment is given by:
EV; ‘O\'X\‘“"PE&‘XA‘\"03X3"—TP(\XYW
To calculate expected value: . ik .
- Start with the _ Q0 eon |\ \’T\‘j\} Dutributian or create it if
you don't have it. .}
- Multiply the value of each __cud (e, by it's _pre e '}j

- Add up all those products.
- The sum is the LX l{}QCF&.O{ ol ue




Notes 1-6 Probability Distributions

Example 3: Fundraisers
At a raffle, 500 tickets are sold at $1 each for three prizes of $100, $50, and $10. What is
the expected value of your net gain if you buy a ticket?

Gain, X $100-$10or $99 | $50-$10or $49 | $10- $1lor $9 $0-1or-$1

Probability P(x) 5\6’0 = 0. 00 %_\'go = 000 ';c_)-o = (O00a -_g% =0. ‘i‘?‘/

Ev: (0.002 %99) * (0.60a 44) +(0-002%9) + A4 ¥ (-1)) =~ o6&

Example 4: Water Park

A water park makes $350,000 when the weather is normal and loses $80,000 per season when
there are more bad weather days than normal. If the probability of having more bad weather
days than normal this season is 35%, find the park's expected profit.

Gain, x 250,00 O ~ %D, 00 O
Probability, P(x) S 35

L LS # 350,000) T (35K -%0,0002)

#1999 500

Example 5: MP3 Players
Construct a probability distribution and find the expected value:

Ev = (

\)

Students were asked how many MP3 players they own.

Players, x Frequency P(x)
0 9 O-aly
1 17 ONie A405
2 9 O 314
3 5 O - 3y
4 2 O . 04§
cv = (L1 4% 0D + (405 #1) 1—(.34\24%&) + (\18%3 ) + (0.615% %)

— }.352

gy in L1k S‘Tll’a"F/CQ/C/ 2 varjta?

Down

259

&JCMQ_‘(‘O'/ 6““\*" , E_n'}-C/r’ PM*‘ Vo
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1-7 Binomial Theorem Date Period

According to the U.S. Census Bureau, ten percent of families have three or more children. Ifa
family has four children, there are six sequences of births of boys and girls that result in two
boys and two girls. Find these sequences.

BBHGE BGLGBE BEGY GBRL GBar GG BE

Pascal's Triangle

You can use the coefficients in powers of bonenmgal to count the number of
possible <29 1 oNC €S i situation such as the one above. Remember that a binomial is a
polynomial with __ oo Aevms . Expand a few powers of the binomial
b+g.

(\/j %’3\) - \ bbs()

(b"-&ﬁ" - ‘\O\%O v ‘ b()@\

(pr9)> - 208 T e

- '33 ) \b 9"%-02@93 - 10 9 .
( \9@4 ’ \bﬁéo*i‘f@\f‘rfﬁ‘dﬂg 5%\‘03 4
QO“\‘SB - “O{‘jg %’“%\055 »r(obdséza}al\k b 4° + o ‘j

The _ Co LA ey 6 of the b%g? in the expansion of (b + g)* gives the number of
sequences of births that result in two boys and two girls. As another example the coefficient 4
of the b'g® term gives the number of sequences with one boy and three girls.

Here are some patterns that can be seen in any binomial expansion of the form (a+Db)"
1. Thereare__ 14\ terms.

2. The exponent n of (a+rM " is the exponent of ain the first term and the
exponent of b in the last term. R

3. In successive terms, the exponent of a decrol €y by one, and the exponent of
b_1NCr€oseS by one.

4. The sum of the exponents in each term is N .

5. The coefficients are SO Y1 C . They _ W\ CVROUL at the

beginning of the expans}én and __Aoc(¥YaS€ at the end.



Amy Moore


Notes 1-7 Binomial Theorem

The coefficients form a pattern that is often displayed in a triangular formation. This is known

as_tascals s \G\J/\ESI(./ . Notice that each row begins and ends with 1.
Each coefficient is the sum of the two coefflcienTs about t in the previous row

(a+b)° 1

(a+b)

(a+b) 1 \2‘/ 1

(a+b)® 1 \‘3[/ \{ 4 1

(a +b)* 1 \“4[/ \ "/ \4"’/ 1
(a+b) 1 \5/ \ / \ / \\\5/ 1

Example 1: Use Pascal's Triangle
Expand (x +y)’
Werite two more rows of Pascal's triangle.

L \5 A0 5 ()
| 7 &l 35 35 Q\ 1\

Use the patterns of a binomial expression and the coefficients to write the expansion of (x+ y)’

(x+yy = Wy Tx4 e 3N x55&f35x433+35x984 Y4l 7‘2‘;15+°7X'tjt’+ \x‘é)?

= T Tr g 2V xPyR 3580y T r 3507y AV KRS Ty by
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Notes 1-7 Binomial Theorem

The Binomial Theorem
Another way to show the coefficients in a binomial expansion is to write them in terms of the
previous coefficients.

(a+b)° 1
(a+b)' 1 \T
(a+b)? 1 a ;)l-_\Q
[ &
(a+b)’ ! 3 2 2.2\
\ 4 1123

(a+b)* 1 L3 42 dsa 432l

| |- P B 1#%2%3%4

This pattern provides the _( 0eCE TS of (a + b)" for any nonnegative integer n. The
pattern is summarized in the _Binonaied Theorem

If nis a nonnegative integer, then 3 2 "
o ~ 5 -N(n-a < 4
@rby=loP b x Do ¢ RO w3y g n G (nD) nE 3 rldh

\ ° Q. O\ d\' \‘ a . 3
Example 2: Use the Binomial Theorem
Expand (a - b)°
L5,
The expansion will have S2x€ | terms. Use the sequence | 4% % %T 123

to find the coefficients for the first four terms. Then use \SU(VW M to find the
remaining coefficients.

Vs AR, e a SR, 4 o(-p)”
(G"b)6= \g\(f’<"b)b‘\’%o\5 (,b) x ‘.‘20\ <\OB + |.—2.3O‘ (b)‘-i-\a( )

’ : 2t _(,ab® +Y
OKD wba6b4—\5o\“\ ba’aoo\gbskléo\:b (Oq *’b

That the terms in the middle have the same coefficients, the exponents are reversed

Note: 0
as 1N \65\"‘5(3 and 18542 "

!


Amy Moore
1*2*3*4

Amy Moore
That the terms in the middle have the same coefficients, the exponents are reversed 

Amy Moore

Amy Moore

Amy Moore


Notes 1-7 Binomial Theorem

The factors in the coefficients of binomial expansion involve specual products called

Lactovia\s For example, the product of 4321 is written 4! And is
read as _~t LO\C{“U:/ A In gener‘al if nis positive integer, then
NV n-Dh-Ddn=3)...3.1 6l =1

Example 3: Fac‘rorials
Evaluate 8! - 32 k‘ E{f"]“(ﬂzé =¥1b - 330 5(_0
315! 3! 32 o

,5- 4
An expression such as WK in Example 2 can be written as a quotient of
factorials. In this case Lo '5 4 - Ll . Using this idea, you can rewrite the expansion of

(a+b)® using factorials: -3 3|51

__(-‘i}:.. O\b\ooj,., (D\ st 4 Lc bg% Lo\ﬂotabk{‘k'(o =% l"5+(t>l 01)

e,

You can also write this series using sigma notation.

b _ 2 / ¢ quz—&jk
(ax)’= 2 Al
¥_:

.4 - ; [ > |
In general, the Bunoynie\ Ve 0r€N_ can be written both in _fac tovial
notation and in _S | SVV\O\ notation.




Notes 1-7 Binomial Theorem

Example 4: Use a Factorial Form of the Binomial Theorem

5 =8 51 s-k

g D(sﬂm‘.\f—‘,

] +

L5l s e, DU ) k2 @0°yY 45! 0%k ey,

AR TR EIPY I gm0 T P
)

T 3 x° % X3y A 3 U, S 2+

= BAxZ B 3*80)“3 +T0x% g S+ loxy " +y 0's!

Sometimes you need to know only a particular term of a binomial expansion. Note that when the
Binomial Theorem is written in sigma notation, k = O for the first time, k = 1 for the second
term, and so on. In general, the value of k is always one less than the number of term you are
finding.

Example 5: Find a Particular Term
Find the fifth term in the expansion of (p + q)"°.
First, use the Binomial Theorem to write the expansion in sigma notation.

. \0\ jo-% e

P B P

If the fifth term, k = 4.

o\ o< % _/QL_,__,__()'O*‘@}L’[
R G

= ID’q.g‘.—I ?(ﬁ k‘
LR ]
439

- Q\0 Pb?:’(
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1-8 Binomial Probability Date Period
Conditions of a Binomial Experiment:
A _bingpual o Xperin N\ exists if and only if these conditions occur.
- Each trial has exactly two _Ouwkconne , or outcomes that can be reduced to two
outcomes.
~ There must be a - 1)(—60( number of trials.

- The out comes of the trial must be ___|\ OLQ/'B-Q/{\O(QA/Y'_
- The probabilities in each trial are the _Souvi €

Binomial Probability

“Exactly” - __0Oin om pal £ (n, 2, r)

“At Most" - 101N 0@l (N o, )

"At Least” - _ AL~ b\ ﬂ,Ot{V\{CO(Q (n 1P, r=1)

n= # of ’\‘IGMS .
p= {)ﬂ)boxb;\.*g of succ®S in each nod , ,
r=_how W\amS Smulcldies YOln Q,)('DQCf' o '\Or“QO‘ICf oyer ak| +hals

Examplel: "Exactly” Infection
8 out of 10 people will recover. If agroup of 7 people become infected, what is the probability
that exactly 3 people will recover?

\o\non;zf\i‘(i( NP o) binompdf(1,0.5.3) =0-027
= oy T

\8:0‘8 A) binempdd (N, ¢, r) b

Y5 enter

Example 2: "At Most"
8 coins are tossed. What is the probability of getting at most 3 heads?

h="§
p=05 b‘\ﬂomcou (8,09, B)= Bl
r-3 B

Example 3: "At Least”
For a certain species of mahogany tree, the survival rate is 90%. If 5 trees are planted, what
are the probability that at least 2 trees die?
N = 6 ) o d
D =0 \"\O‘lY\GYV\CO\'Q(ﬁ,O-\,%")>’O' § T
] 5. 1467
= 24



